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Abstract 

In this paper, we derive the general formulation by considering 
two arbitrary plane symmetric spacetimes using Israel's method. As 
an example, we apply this formulation to known plane symmetric 
spacetimes. We take the Taub's static metric in the interior region 
whereas Kasner's non-static metric in the exterior region. It is shown 
that the plane collapses in some cases whereas it expands in some 
other cases. 
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1 Introduction 

An important issue in relativistic astrophysics and theory of General Rel- 
ativity (GR) is to determine the end state of gravitational collapse. It has 
many interesting applications in astrophysics where the formation of compact 
stellar objects such as white dwarf and neutron star are formed by a period 
of gravitational collapse. The singularity theorems of Hawking and Penrose 
[1] show that if a trapped surface forms during the collapse of a compact 
object made out of physically reasonable matter, such a collapse will develop 
a spacetime singularity. A spacetime singularity is defined as the region in 
the spacetime where the evolution of geodesies will be incomplete. 
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The singularity theorems do not provide information about the visibihty 
of a spacetime singularity. A spacetime singularity is called a naked singular- 
ity if it is visible to an observer. A spacetime singularity which is not visible 
is called a black hole. Penrose [2] proposed that the spacetime singularities 
must be hidden inside an event horizon. This means that the gravitational 
collapse must end as a black hole. This is called the cosmic censorship con- 
jecture (CCC). The CCC is also one of the most important open problems in 
gravitational physics today. Since many physical applications of black hole 
and several other areas in GR depend on CCC, hence a detailed study of 
dynamically developing gravitational collapse models is necessary to obtain 
a correct form of the CCC. To study gravitational collapse in the framework 
of GR, it is necessary to consider the appropriate geometry of interior and 
exterior regions and determine proper junction conditions which allow the 
matching of these regions. 

The pioneering work on gravitational collapse was first started by Oppen- 
heimer and Snyder [3] . They studied collapse of dust by considering a static 
Schwarzschild in exterior and Friedmann like solution in interior. Since then, 
many people [4-14] have extended the above study of collapse by taking an 
appropriate geometry of interior and exterior regions. Recently, the effect of 
a positive cosmological constant on spherically symmetric collapse with per- 
fect fluid has been investigated [15] by considering the matching conditions 
between static exterior and non-static interior spacetimes. All these stud- 
ies are restricted to spherical gravitational collapse. On the other hand, the 
study about non-spherical collapse is hmited than spherical collapse. Shapiro 
and Teukolsky [16] studied numerically the problem of a dust spheroid and 
found that a black hole could be formed if the spheroid is compact enough. 
Otherwise, the end state of the collapse will be a naked singularity. Barrabs 
et al. [17] investigated an analytical model of a collapsing convex thin shell 
and showed that apparent horizons are not formed in some cases. These 
results were soon generahzed to more general cases [18]. Since then, these 
studies have attracted attention to non-spherical collapse. 

Villas da Rocha et al. [19] worked on the self-similar gravitational col- 
lapse of perfect fluid using Israel's method [20]. Applying the same anal- 
ysis, Pereira and Wang [21] studied the gravitational collapse of cylindrical 
shells made of counter rotating dust particles. They derived general formulas 
by considering two arbitrary cylindrically symmetric spacetimes and applied 
these by taking two known cylindrically symmetric spacetimes. They con- 
cluded that in some cases the shell collapses and in some cases it expands. 
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The same authors [22] have also discussed the dynamics of expanding and 
collapsing cylindrically symmetric fields with lightlike wave-fronts. There is 
a large body of literature [23- 26] available on gravitational collapse which 
show keen interest to investigate this issue by using Israel's formulism. In this 
paper, we extend the work done by Pereira and Wang [21] for cylindrically 
symmetric spacetimes to plane symmetric spacetimes. The paper is outlined 
as follows. In next section, we derive general formulae by considering two ar- 
bitrary plane symmetric spacetimes. Section 3 provides application of these 
formulae to known plane symmetric spacetimes. We consider the Taub's 
static metric in the interior region whereas Kasner's non-static metric in the 
exterior region. Finally, in section 4, we discuss and conclude the results. 



2 General Formalism 

We consider a timelike 3D hypersurfacc E, which divides AD spacetimc into 
two regions interior and exterior spacetimes, denoted by and V~ respec- 
tively. The region V~ is described by the metric 

dst = f-{t,z)df - g-{t,z){dx'^ + dy^) - h-{t,z)dz^, (1) 

where {x = {t,x,y,z}, {fi = 0,1,2,3) are the usual Cartesian coordi- 
nates. The metric for the region V'^ is given by 

dsl = /+(T, Z)dT^ - g+{T, Z){dx^ + dy^) - h+{T, Z)dZ^, (2) 

where {x"^'^} = {T,x,y, Z}, [ji — 0,1,2,3) is another set of the Cartesian 
coordinates. 

According to the junction condition [20,27], it is assumed that the interior 
and the exterior spacetimes are the same on the hypersurface S which can 
be expressed as 

{dsl)^ = {dsD^ = dsl. (3) 
The extrinsic curvature tensor to hypersurface E is defined as [20] 

^". = -"(|^+r;:.||^), = 0,1,2,3), (4) 

where (a, 6 = 0,1,2). Here the Christoffel symbols F^^^ are calculated from 
the interior or exterior metrics (1) or (2), are the components of outward 
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unit normals to E in the coordinates x^^t- The equations of hypersurface E 
in the coordinates x^cr are written as 

k-{z,t) = z-zo{t)^0, (5) 
k+(Z,T) = Z-Zo(T) = 0. (6) 

Using Eq.(5) in (1), the metric on E takes the form 

{dslh = irit.zoit)) - h-{t,Zo{t))z',\t)]df - g-{t,Zomdx' + dy'). (7) 

Similarly, Eqs.(2) and (6) yield 

(dslh = [/+(T,Zo(T))-/i+(T,Zo(T))Z^^(T)](iT2-5+(T,Zo(T))(c/x^+%2), 

(8) 

where prime means ordinary differentiation with respect to the indicated 
argument. The metric on the hypersurface E is given by 

{ds% = ^a^dCde = dr^ - g{r){dx^ + dy'). (9) 

Prom the junction condition (3), it follows that 

dT = [f-{t,Zo{t))-h-{t,Zo{t))z'o\t)]Ut, 

= [f+{T, Z,{T)) - h+{T, Zo{T))Z',\T)]Ut, (10) 
gir) = g-{t,Zo{t))=g^{T,ZoiT)). (11) 

The outward unit normals in V~ and can be evaluated by using Eqs.(5) 
and (6) 

< - [;^ZiJt^]^(-^o(T), 0,0,1), (12) 

The components of the extrinsic curvature are 

K+ - (/+/i+)2 f /,z //,r ^h'^ 

~ 2[/+-/.+Z^^(T)]f^ '/.+ ^^°^'^ 

+ (2||-0)4'(r) + ^z^='(T)-2Z^(r)}, 
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where comma denotes partial derivative and K^j^ can be obtained from the 
above expressions by the replacement 

/+, g+, h+, Zo{T),T, Z ^ r,g-,h-,zo{t),t, z. (15) 

The surface energy-momentum tensor, Tab, is defined as [20,21] 

Tab^-mab]- --fab[K]-}, (16) 
K 

where k is the gravitational constant and 

[Kab]- = K^b - [K]- = ^ablKab]- . (17) 

Using Eq.(14) and the corresponding expressions for K~fj into Eq.(16), Tab 
can be expressed in the form 

Tab^ PWaWb+piXaXb + VaVb), {a,b^T,X,y), (18) 

where p is the surface energy density, p is the tangential pressure provided 
that they satisfy some energy conditions [28] and Wa, Xa, Va are unit vectors 
defined on the surface given by 

Wa^Sl, Xa = h^T)5l, Va = h^T)5l. (19) 

Here p and p turn out to be 

P=^[^..]-, P= V.r]--^%J^]. (20) 

Kg{T) K g{T) 

3 Plane Symmetric Gravitational Collapse 

In this section, we shall apply the general results developed in the previous 
section by considering known plane symmetric spacetimes. The metric for 
interior region (Taub's static metric) is given by [29] 

dst^ {df -dz^)- z{dx^ + dy^) , ^ > 0. (21) 

For exterior spacetime, we take the non-static (Kasner's) metric given by [29] 

ds\ = {dT^ - dZ^) - T{dx^ + dy^) , T > 0. (22) 
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Both interior and exterior spacetimes are vacuum, i.e., energy- momentum for 
both spacetimes is zero. The physical importance to consider these (Taub and 
Kasner) metrics is that they satisfy energy conditions [28]. Using Eqs.(21) 
and (22), the junction conditions (10) and (11) take the form 

dr = [1- z'o\t)]h^dt^[l- Z'o\T)]^T^dT, (23) 
zoit) = T. (24) 

From Eqs.(23) and (24), it turn out that 

(fr^i,.12-Z-r (25) 
and Eqs.(24) and (25) yield 

^^^^ 

Using Eq.(14) and the corresponding expressions for into Eq.(20) and 
considering Eqs.(24)-(26), we obtain 

P - -^fr-^^i^-Z'o), (27) 



^0 

A-Z' 



P - , ° {4rZ--A(l-Z--)}. (28) 

In order to see the minimal effects of the plane on the collapse, we shall take 
p = in Eq.(28). This leads to the following two cases 

{A) : A-4 = 0, (29) 
or (B) : ATZ'^ - A(l - Z'^^) = 0, (30) 

where 



A = ±V2 - Z'^\ (31) 

It is mentioned here that equation of state i.e., p = ap can be used to see 
pressure effects on the gravitational collapse. Since, we want to see the mini- 
mum effects of the shell on the collapse therefore, we take p — 0. The case (A) 
is trivial because surface energy density becomes zero from Eq.(27) and thus 
we leave it. Case(B) is further divided into two subcases: 
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B(i) ATZ'^ - ^2 - - Z^') = 0, 

B(ii) 4TZ^ + ^2-Z^2(l-Z^^) = 0. 

In the following, we solve these two cases separately. 
For the case B(i), integration of the equation 

4TZ'^ - ^2 - ^^'(1 - Z'^') = (32) 

yields 



v/2tanh( 



ln(T) - 



Z'oiT) = ± ; ^ i =^, (33) 



1 + tanh( 
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where constant of integration is taken zero for the sake of simplicity. It is 
mentioned here that the " + " and " — " signs correspond to an expanding 
and collapsing planes respectively. 

Expanding plane 

Integrating Eq.(33) with "+" sign, we obtain 

= (-2 + Vr-2T + ri-^3mh-'iVr]) 

where integration constant is taken zero to avoid complicated situation. 
Eqs.(33) and (34) yield respectively 

Zo(T) = 

Z',(T) = I -—-^ (35) 

indicating that the plane is expanding. The plane starts to expand at time 
T = 7, where it has displacement 0.126418, velocity 0.581861 and positive 
acceleration. The expansion ends at T = +oo, where the plane has displace- 
ment +00, velocity unity and zero acceleration. It can be seen from Eq.(27) 
that the energy density decreases from finite value to zero in this interval. 



0.126418 , 


, T = 


r, 


+00 


, T = 


+00 


0.581861 


, T = 


7, 


1 


, T = 


+00 
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Collapsing plane 



Integration of Eq.(33) with "-" sign yields 



ZoiT) 



{-2 + VT -2T + tI - VT+Tsmh-^[VT]) 



(36) 



where integration constant is taken zero. From Eqs.(33) and (36), we obtain 
collapsing plane 



The plane starts to collapse at time T — 1, where it has radial displacement 
2.29559, zero velocity and positive acceleration and ends at T = 6, where the 
plane has displacement 0.439096 and negative velocity. It is to be noticed 
that energy density remains finite in this interval i.e., collapse does end as 
a singularity. This situation might be change if one replaces interior and 
exterior metrics which are physical i.e., which satisfy energy conditions. It 
is mentioned here that plane collapses and expands along Z-direction only 
because Z is not a radial coordinate. 

The case B(ii) gives similar results as the case B(i). 

4 Conclusion 

This paper is an extension of the previous studies of spherical and cylindrical 
gravitational collapse to plane symmetric gravitational collapse using Israel's 
method. First of all, we have developed a general formalism for two arbitrary 
plane symmetric spacetimes in terms of the metric coefficients and their first 
derivatives. Then, as an example, we have applied this formulation to known 
plane symmetric spacetimes. We have taken the Taub's static metric in the 
interior region whereas Kasner's non-static metric in the exterior region. We 
have taken these metrics because they satisfy energy conditions [28]. It is 
found that the plane collapses in some cases whereas it expands in some other 
cases. 



Zo{T) 



2.29559 
0.439096 



T= 1 

r = 6 




r = i, 

T = 6. 



(37) 
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There arise two main cases A and B according to Eqs.(29) and (30) 
respectively. The case A is trivial. For the case B, there is expanding as well 
as collapsing process. It is mentioned here that in one case of B(i), the plane 
collapses for all T > and in other case of B(i), it expands for all T > 0. 
But physically, the plane collapses in the interval 1 < T < 6 and expands in 
the interval 7 < T < oo. Notice that the collapsing interval is less than the 
expanding interval. Since we have taken vacuum spacetimes in the interior 
and exterior regions. This result is consistent with that the cosmological 
constant, i.e., vacuum energy density slows down the collapsing process [30]. 

We would like to mention here that the collapse does not end as a singu- 
larity because energy density remains finite at all times in both cases. The 
physical implication of this work is that the general formalism can be applied 
by considering different physical plane symmetric spacetimes (which satisfy 
energy conditions) to get interesting result. 
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